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ABSTRACT
We study how decentralized agents can develop a shared vo-
cabulary without global coordination. Answering this ques-
tion can help us understand the emergence of many commu-
nication systems, from bacterial communication to human
languages, as well as helping to design algorithms for sup-
porting self-organizing information systems such as social
tagging or ad-word systems for the web. We introduce a
formal communication model in which senders and receivers
can adapt their communicative behaviors through a simple
reinforcement learning mechanism that adjusts each agent’s
vocabulary: the ways it associates words with meanings. We
analyze the model’s dynamics in terms of collective conver-
gence conditions and convergence speed. Our main result
on the convergence conditions is that for a given number of
meanings, there exists a threshold of the number of words
below which the agents can’t converge to a shared vocabu-
lary. We also give the time needed for the agents to con-
verge to a fully communicable, shared vocabulary system;
specifically, we show that we can lower convergence time by
allowing the agents to use more words than necessary in or-
der to jump out of the threshold point. Finally, the effect
of reinforcement learning rates of the agents on the conver-
gence are analyzed, showing there exists a range of learning
rates for the agents to achieve the best convergence time.

1. INTRODUCTION
We study the question how decentralized agents can develop
a shared vocabulary without global coordination. This is a
fundamental question that underpins how we understand
the emergence of many communication systems arising in
nature and in human society, e.g., how do different organ-
isms develop the communication needed to coordinate their
activities[4], how do encoding/decoding networks arise in
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the brain[2], or how did human languages emerge[3]? The
study of this question can also help us design algorithms that
support self-organizing information systems such as social
tagging, web ad-words, or peer-to-peer retrieval systems[1,
14, 16, 19].

Two frameworks, evolutionary and self-organizing, have been
proposed to study the emergence of communication systems.
The evolutionary framework assumes that vocabularies of
agents are inherited genetically and/or learned culturally
from their parents or teachers. The driving force for the
emergence of shared vocabularies comes from mechanisms
in which agents who can communicate well produce more
offspring with similar vocabularies [5, 8, 11, 12, 13]. In con-
trast, in the self-organizing framework decentralized agents
actively develop a shared vocabulary without global knowl-
edge in a short span of time by changing their own represen-
tations via distributed learning and positive feedback loops
[1, 6, 7, 9, 15, 18]. The work reported here can be seen as
an effort in the self-organizing camp.

Most existing work on the development of shared vocabu-
laries has been done using computer simulations and only
intuitive interpretations. While this is often suggestive, to
achieve a thorough understanding of vocabulary self-organization
we need to augment simulation studies with mathematical
characterizations of specific conditions and limitations un-
der which the emergent behaviors are stable. Recent work
by Baronchelli et al. [1] provides one example; they explain
how a sharp transition to a shared vocabulary observed in
simulations can occur as the density of certain inter-agent
vocabulary hypotheses grows beyond a “tipping point.”

In this paper, we focus on a formal communication model in
which senders and receivers can adapt their communicative
behaviors through a simple reinforcement learning mecha-
nism. Our purpose is to develop a dynamical model for vo-
cabulary development. To simplify the characterization of
the dynamics, we study a system that consists of two agents.
We give the convergence conditions under which the agents
can develop a stable shared vocabulary, and the convergence
time that the agents need to develop a fully communicable
system. The effects of the learning rates of the agents are
also discussed.

2. BASIC MODEL



First, by shared vocabulary, we mean a set of stable meaning-
word agreements among the agents. We assume that the
only way in which the agents convey meanings to other
agents is through words. Given a meaning-word pair, there
is an agreement among a group of agents, if every agent uses
the word to represent the meaning and uses the meaning as
interpretation when perceiving the word. At the beginning,
there may be no agreement among the agents about how
to express meanings, or about the meanings of words. But
the agents can update their representation and interpreta-
tion functions by learning from the results of the interaction
between them, and this collective learning dynamics consti-
tutes the vocabulary development process.

We focus on a communication model that consists of two
agents, one of which is called sender and the other one re-
ceiver. In our model, there are m meanings X = {x1, · · · , xi,
· · · , xm}, and n words Y = {y1, · · · , yj , · · · , yn}. The sender’s
communicative behavior is defined by its send function s
that maps from a meaning to a word, s : X 7→ Y , and
the receiver’s behavior is defined by its receive function r
that maps from a word to a meaning, r : Y 7→ X. With
this notation, we can give an explicit definition of a sta-
ble meaning-word agreement. A meaning-word pair (x, y) is
an agreement between the sender and receiver if s(x) = y
and r(y) = x. An agreement is stable if there exists a time

point t0, and for any time t > t0, we have s(t)(x) = y and

r(t)(y) = x, where s(t) denotes the send function of the

sender at time t, and r(t) the receive function of the receiver
at time t.

Now we specify how the sender’s send and receiver’s re-
ceive functions are implemented. The send function is de-
termined by the sender’s association matrix, which specifies
the strength of the association between a meaning and a
word, and similarly the receive function is determined by
the receiver’s association matrix.

Let the association matrix of the sender be S = (sij) which
specifies the weight between meaning xi and word yj , and
the matrix of the receiver be R = (rji) which specifies the
weight between word yj and meaning xi. Then the sender’s
send function s, which maps from meaning xi to word yj , is
given by the following winner-take-all selection mechanism

s(xi) = yj where j = arg max
k

sik, (1)

and the sender’s receive function r, which maps from word
yj to meaning xi′ , is given by

r(yj) = xi′ where i′ = arg max
k

rjk. (2)

Then we specify how the send/receive functions change as
a result of the update of their association matrices. When
the communication on some meaning xi is successful, i.e.,
the meaning xi′ interpreted by the receiver is the same as
the meaning xi referred by the sender (via some word, say
yj), the two agents update their corresponding association

weights according to the following reward rules 1

{

sij ← sij +1 //sender
rji′ ← rji′ +1 //receiver.

(3)

When the communication fails, the two agents update their
weights according to the following punishment rules

{

sij ← sij −1 //sender
rji′ ← rji′ −1 //receiver.

(4)

These four update rules are very simple reinforcement learn-
ing rules: they assume all learning rates are 1. We discuss
the effects of the learning rates of the agents in Section 5.

We call one communication event between the sender and
receiver a communication game, and thus we model the vo-
cabulary development process as repeated play of communi-
cation games (Fig. 1). Each game is initiated by the sender,
which has a meaning to convey to the receiver. We suppose
at each round of game a meaning xi is randomly chosen for
play according to probability p(xi). For abbreviation, we
use pi to denote p(xi).

1. initialize the sender and receiver’s association matrices
with random values in [0, 1]

2. for each round from 1 to stopping time T , do
3. a random meaning xi is chosen with probability p(xi)
4. sender produces a word yj for meaning xi: yj = s(xi)
5. receiver interprets the word yj as meaning xi′ : xi′ = r(yj)
6. if the interpreted meaning xi′ is correct2, i.e., xi′ = xi

7. sij = sij + 1 // reward rule of the sender

8. rji′ = rji′ + 1 // reward rule of the receiver

9. otherwise
10. sij = sij − 1 // punishment rule of the sender

11. rji′ = rji′ − 1 // punishment rule of the receiver

Figure 1: The basic framework of the repeated play
of communication games.

3. CONVERGENCE CONDITIONS
In this section, we first show some striking results obtained
by simulations. To understand the results, we introduce an
analysis framework to approximate the dynamics specified
in the above section, and then based on the framework we
investigate two cases of meaning distribution: uniform and
Zipf distribution.

3.1 A simulation experiment
We begin by illustrating a striking result obtained in a series
of simulations. Fig. 2 shows the result of the communicative
performance (or success ratio) of the system in 51 simula-
tions, where the number of meanings m is fixed to 50 and
the number of words n varies from 10 to 60. The purpose of

1Note that we don’t require the association weights to be
within the range of [0, 1]. A weight could be infinitely large;
it could also be a negative number.
2To avoid unrealistic and circular assumptions about com-
municative feedback through direct supervision, we assume
language develops in the service of a joint activity. Thus suc-
cessful task performance provides feedback on communica-
tive success (e.g., Steels’ mutual pointing task[17], Werner
and Dyer’s mating task[20]).



the experiment is to see if there is any pattern on how the
communicative performance changes as the number of word
n varies. Strikingly, there exists a dramatic phase transi-
tion when n is at a threshold n∗. In the case of m = 50 as
shown in the figure, the threshold is n∗ = 37. When n is
above the threshold, the two agents can develop a commu-
nication system with converged communicative performance
given by min{ n

m
, 1}; that is, the sender and receiver can con-

verge on min{n, m} pairs of meaning and word. However,
when the number of words is below the threshold, it rapidly
approaches random guess—the sender and receiver can’t de-
velop any effective communication system, or a shared vo-
cabulary.
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Figure 2: Communicative performance (success ratio)

as a function of the number of words when the number

of meanings is held constant at 50. A dramatic phase

transition occurs when the number of words n is around

a threshold n
∗ = 37, above which the agents can develop a

communication system with communicative performance

given by min{ n
m

, 1}.

3.2 General analysis
In this subsection we give a general analysis framework to
understand why the above phase transition phenomenon
happens. The basic idea is that if there are enough available
words a temporary (or lucky) meaning-word agreement be-
tween the sender and receiver will have a greater chance to
be reinforced by the reward rule than to be weakened by the
punishment rule. Once a temporary agreement has a bet-
ter chance to be reinforced than to be weakened, random
walk theory[10] can tell us that the temporary agreement
will have a positive probability of becoming a stable agree-
ment. Therefore, our task is to find, given a fixed number
of meanings, how many words are sufficient for a tempo-
rary agreement to be reinforced and eventually to become a
stable agreement.

To facilitate our arguments and analysis, we give the follow-
ing informal notations, which will be defined formally later.

Reward probability. The probability that a temporary agree-
ment is reinforced by some reward rule.

Punishment probability. The probability that a temporary
agreement is weakened by some punishment rule.

Without loss of generality, let the first temporary agreement
be on the meaning-word pair (x1, y1). This means for the
sender y1 = s(x1), and for the receiver x1 = r(y1). In

terms of association matrix, for the sender s11 = maxk s1k,
and for the receiver r11 = maxk r1k (see Eqs. (2) and (1)
for reference). That the agreement on (x1, y1) is reinforced
means both s11 and r11 will increase, and that the agreement
is weakened means at least one of s11 and r11 will decrease.

If at the next round what is played is again the meaning x1,
then the communication on meaning x1 will succeed, so the
reward rule will be applied to both s11 and r11. Since the
probability of playing meaning x1 is p1, the reward probabil-
ity of the agreement will be p1.

If at the next round what is played is not the meaning x1,
let it be x2 for example, then there is a chance that the
word produced by the sender to represent the meaning x2

happens to be the word y1, and this chance can be writ-
ten as p(y1 = s(x2)). If this doesn’t happen, then there is
neither reward nor punishment, so it is of no interest. If
this happens, the communication will fail, since the inter-
preted meaning by the receiver for y1 must be x1, accord-
ing to the winner-take-all selection mechanism. And then,
the association weight r11 between word y1 and meaning
x1 in the receiver’s matrix will decrease by 1, according to
the punishment rule of the receiver. Similarly, at the same
time, the weight s21 between meaning x2 and word y1 in
the sender’s matrix will decrease by 1. This means the pun-
ishment rule of the sender has no effect on the weight s11.
Therefore, the punishment probability can be represented as
(1 − p1)p(y1 = s(x2)), where (1 − p1) is the probability of
playing a meaning other than x1.

Now we want to compute p(y1 = s(x2)), the probability that
the word y1 is the one used by the sender for the meaning
x2. Considering that in our model words are produced by
winner-take-all mechanism, a nonlinear function, it is hard
to give a precise estimation. So, we make the following as-
sumption.

Assumption 1. (Random word production assumption.)
The word produced by the sender for a meaning that is not
in any (temporary or stable) agreement is assumed to be
randomly generated.

With the assumption, we can suppose that the probability of
the word y1 being the one produced by the sender for mean-
ing x2, p(y1 = s(x2)), can be approximated by 1

n
, provided

that there are totally n words. (We will show by simula-
tions that this is a good approximation, or the assumption
is a good one.)

Then, our task is to solve the following inequality, where p1

is the reward probability, and (1 − p1)
1
n

is the punishment
probability:

p1 > (1− p1)
1

n
. (5)

Eq.(5) is just the condition for the agents to develop the
first stable agreement. (Actually it is very likely that more
than one agreements can be established parallel). Now we
need to find the conditions for the other agreements to be
established. Before we go further, we make the following
assumption about the order of developing agreements.



Assumption 2. (Sequential agreement establishment assump-
tion.) Agreements are established in the sequential order of
the frequency that their meanings are used. If the probabil-
ities of the meanings have the relationship: p1 ≥ p2 ≥ · · · ,
then we assume that the agreements will be established in
an order (x1, yl1), (x2, yl2), · · · .

Now suppose we already have l established stable agree-
ments that satisfy the above sequential assumption. Then
we need to find the condition for a new agreement, the
l + 1th agreement, to be established. Note that l = 0 is
the case we have just discussed above. Let the probabilities
of those meanings associated with the already established
agreements be p1 ≥ · · · ≥ pl. By applying the similar ar-
guments as above, for the l + 1th temporary agreement to
become stable, we require the following inequality to hold

pl+1 > (1−

l+1
∑

k=1

pk)
1

n
, (6)

where the term
∑l+1

k=1 pk in the inequality comes from the
fact that these l + 1 meanings can guarantee their sender
won’t generate a word that would cause the temporary agree-
ment to be weakened.

In general, for the agents to establish L agreements, we must
require the following L inequalities to hold

pl > (1−
l

∑

k=1

pk)
1

n
, (l = 1, 2, · · · , L),

which are equivalent to

n > (1−

l−1
∑

k=1

pk)/pl − 1, (l = 1, 2, · · · , L). (7)

When the agents can develop L stable agreements on mean-
ings x1, · · · , xL, the communicative performance (or success
ratio) of the system will be

φ(L) =

L
∑

k=1

pk.

3.3 When meanings are uniformly distributed
Above we have shown that, for the agents to establish stable
communication on L meanings x1, · · · , xL, the inequalities
in Eq.(7) should be satisfied for l = 1, 2, · · · , L. Now we
are ready to solve the inequalities to obtain the convergence
conditions for some specific distributions over meanings. We
consider two common distributions: uniform and Zipf distri-
bution. We discuss the case of Zipf distribution in the next
subsection.

When the meanings are uniformly distributed, we have pi =
1
m

for i = 1, ..., m. For the agents to establish L agreements,

by substituting pl = 1
m

into Eq.(7), we have

n > m− l, (l = 1, 2, · · · , L)

So, if n > m− 1, then for all l ≥ 1, the above L inequalities
will hold. In other words, if we let n∗ = m− 1, then n∗ will
be the number of words threshold, above which the agents
can develop a communication system.

Clearly, the two agents can develop as more as min{m, n}
stable agreements, since there are at most min{m, n} dis-
tinct pairs of meaning-word. And thus, the maximum con-
verged communicative performance is min{m, n} 1

m
or equiv-

alently min{ n
m

, 1}.

Fig. 3 illustrates the simulation results on how the num-
ber of words threshold changes as the number of meanings
varies from 10 to 100, showing that there exists a linear re-
lationship between the number of words threshold n∗ and
the number of meanings m. The linear relationship is given
by

n∗ = 0.82m − 3.5.

Comparing to the analytical number of words threshold func-
tion n∗ = m − 1, we can say that the two assumptions,
the random word production assumption and the sequen-
tial agreement establishment assumption, are good enough
to characterize our adaptive communication model.
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Figure 3: There exists a linear relationship between the

number of words threshold and the number of meanings.

The dashed line is obtained by fitting simulation results

(circle marks), and the smooth line is obtained by anal-

ysis.

3.4 When meanings are Zipf distributed
Now we move to another distribution called Zipf distribu-
tion, a common distribution observed in nature and in hu-
man activities[21]. Without loss of generality, we can assume
that the probabilities of the m meanings have the relation-
ship: p1 ≥ p2 ≥ · · · ≥ pm. Then under Zipf distribution,
the probability of the meaning xk is

pk = Ck−α, (k = 1, 2, · · · , m),

where α ≥ 0 and C is given by 1/
∑m

k=1 k−α, to satisfy the
property of probability distribution. Note that when α = 0,
the Zipf distribution degenerates to uniform distribution,
i.e., pk = 1/m.

The substitution of pk = Ck−α into Eq.(7) yields

n >
1−

∑l−1
k=1 k−α/

∑m

k=1 k−α

l−α/
∑m

k=1 k−α
− 1, (l = 1, 2, · · · , L).

This time we are not that lucky as in the case of uniform
distribution, where the condition, n > m − 1, can cover
all the L conditions, n > m − l (l = 1, · · · , L), and thus
we only have one threshold: n∗ = m − 1. Here, for each
different value of l between 1 and L, we may need a different



threshold. Since the threshold (the right side of the above
inequality) depends on l, we denote it by η(l), and call it
the threshold function of l.
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Figure 4: Illustration of the number of words thresh-
old function for three settings of the Zipf distribu-
tion parameter: α = 0, 0.5 and 1. (The number of
meanings m is fixed to 50).

Before we move ahead, let us take a look at the behavior of
the “complicated” threshold function η(l). Fig. 4 gives an
illustration of how the threshold function η(l) behaves as the
number of to-be-established agreements, l, changes from 1 to
50, while the number of meanings m is held constant at 50.
We can see when α = 0, it degenerates to the case of uniform
distribution. In this case, if the agents can establish the first
agreement (i.e., l = 1) whose threshold is 49, then there
is no problem for them to establish the other agreements
whose thresholds are less than 49. However, when α > 0,
the maximum of the threshold function value is not located
at l = 1; instead, it falls on somewhere between 1 and m.
For example, when α = 1, the maximum value 18 of the
threshold function is obtained when l is around 18. 3

What can we tell from the hump shape obtained when α >
0? Again, take α = 1 as an example. When the number
of available words n is less than η(l)

l=1
≈ 4, no agreement

can be established. When n is larger than η(l)
l=18

≈ 18,
then n stable agreements4 can be established. When n is
between 4 and 18, the agents can only develop η−1(n) sta-
ble agreements, which are less than n agreements. This is
because, to establish l agreements, they need at least η(l)
terms; so if there are only η(l) = n terms, they can at most
develop l = η−1(n) agreements. For instances, when n = 10,
η−1(10) ≈ 4.

The above analysis can be supported by simulation results
shown in Fig. 5. We can see there are three phases. In
phase 1 (n < 4), the agents can’t develop any agreements.
In phase 2 (4 ≤ n ≤ 18), the agents can develop η−1(n)
agreements, which are less than n agreements. In phase 3
(n > 18), the agents can develop n agreements and achieve
the best performance. If there were no threshold, the agents

3An interesting observation is that the maximum value n̂

of the threshold function and its corresponding l̂ has the

relation: l̂ = αn̂.
4Suppose n is equal to or less than m.

would develop n agreements and achieve the best perfor-
mance in all phases. In the figure, the green smooth (best
performance) line is obtained by computing φ(n) =

∑n

k=1 pk

under the premise that there is no threshold; the black, par-
tially staired (analytical performance) line is obtained by

computing φ(n) =
∑η−1(n)

k=1 pk; the red circle sequence is
obtained by simulations.
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Figure 5: The performance (success ratio) of the sys-
tem shows different behaviors in three phases. The
separation of the three phases is marked by two ver-
tical arrows that fall on n = 4 and n = 18, which are
also indicated in the inset figure by two horizon-
tal arrows. The parameter settings are: α = 1 and
m = 50.

4. CONVERGENCE TIME
We have given the convergence conditions for the agents to
develop a communication system. Now we ask the question:
how much time will the agents need to converge given that
the convergence conditions are satisfied. We focus only on
the case of uniform meaning distribution. We first present
an analytic solution for computing the convergence time,
then we do some simulations to verify the analytic result.

Recall that in the section of convergence conditions analysis,
we have shown that for a temporary agreement on meaning
xl and word yl to become a stable one, its reward probability,
pl, should be larger than its punishment probability, (1 −
∑l

k=1 pl)/n. We denote by p the reward probability, and
by q the punishment probability. Then at each round of
play, the association weight rll, the weight between meaning
xl and word yl in the receiver’s association matrix5, will
increase by 1 with probability p and decrease by 1 with
probability q.

The problem of computing convergence time can be rendered
to the hitting time problem in Markov chains or random
walk theory: How many rounds do the agents need to play
in order for the weight rll to reach a certain number that is
necessary for a temporary agreement to become stable. We
denote by N such a number.

5We have shown in Section 3.2 that what matters for the
convergence is the weight rll of the receiver.



Random walk theory tells us that the average hitting time
for rll to reach N is

T (l) =
N

p− q
. (8)

We know for uniform distribution p = 1
m

and q = (1− l
m

) 1
n
.

Substituting p and q into Eq.(8), we have

T (l) =
Nm

1− (m− l)/n
.

We are concerned about how much time needed by the
agents to develop a fully communicable system. A com-
munication system is fully communicable if every meaning
sent by the sender can be correctly interpreted by the re-
ceiver. In other words, for m meanings, the agents need to
develop m stable agreements. (Clearly, for a system to be
fully communicable, we must have n ≥ m.) The total time
for m stable agreements to be established will be

T =

m
∑

l=1

T (l) = Nm

m
∑

l=1

1

1− (m− l)/n
.

Now we need to determine the value of N , the hitting num-
ber that guarantees a temporary agreement to become sta-
ble. Our current approach is to estimate N by simulations.
We find when m = n, by taking N = 3, it is good enough
to approximate the convergence time for success ratio to
achieve 90%. 6 Therefore, our estimation of the time that
the agents need to develop a communication system of 90%
success ratio, is given by (which is well supported by simu-
lation results as shown in Fig. 6)

T = 3m

m
∑

l=1

1

1− (m− l)/n
. (9)
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Figure 6: Convergence time as a function of the
number of meanings m (given that the number of
meanings is equal to that of words). It shows that
the convergence time increases at the rate of m2.
Simulation results are shown as circle marks.

6In simulations, on average it will take much longer time
to reach a 100% success ratio, and correspondingly N will
take a much larger number. We leave for future research the
question of why N is around 3 for the success ratio to reach
90%, or generally what value N should take in order for the
success ratio to reach a given number.

We are also interested in asking the question: Can we reduce
the convergence time by increasing the number of words
while the number of meanings is fixed? To answer this ques-
tion, we define a parameter ρ = n/m, called word-meaning
ratio, to measure the ratio of the number of words to the
number of meanings. Substituting n = ρm into Eq.(9), we
have

T = 3m

m
∑

l=1

1

1− (1− l/m)/ρ

When ρ → ∞, we see T = 3m2, which suggests that the
convergence time increases at the rate of m2. But when
ρ approaches the threshold point 1 − 1/m (i.e., n = m −
1), T becomes infinitely large. So, we can gain a lot on
convergence time by increasing the number of words around
the threshold point. Fig. 7 shows when ρ is small, we do
gain a lot, and when ρ is large, the convergence time will
converge to 3m2 = 7500 for m = 50.
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Figure 7: Convergence time as a function of word-
meaning ratio (given that the number of meanings
is fixed). The convergence time obtained by sim-
ulations (shown as circle marks) is generally larger
than the time obtained by analysis (shown as the
smooth line). This is because that in our analysis
we didn’t take into consideration the time needed
for the agents to form a (lucky) temporary agree-
ment, and the more words the more this time.

5. EFFECTS OF LEARNING RATE
In our model, after the play of a communication game, the
agents update their association weights by reinforcement
learning. We have two agents, the sender and the receiver,
and each agent has two update rules: reward rule and pun-
ishment rule. Together there are four update rules that in-
volve four learning rates: (γ+

a , γ+

b , γ−

a , γ−

b ), which are shown
in the following. In the previous analysis that is based on
the model given in Section 2, all the four learning rates are
set to 1. Here, we want to study how other settings of these
learning rates affect the convergence conditions and time.















sij ← sij + γ+

a // sender’s reward rule
rji′ ← rji′ + γ+

b // receiver’s reward rule

sij ← sij − γ−

a // sender’s punishment rule
rji′ ← rji′ − γ−

b // receiver’s punishment rule .
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Figure 8: The effect of the punishment learning rate
of the receiver on the convergence condition. The
small the learning rate, the small the threshold, and
so it is easier for the agents to converge to a shared
vocabulary. Simulation results are shown as a se-
quence of circle marks. (The number of meanings is
fixed as m = 50.)

During the process of convergence condition analysis, we
have found two learning rates play important roles for the
convergence. They are the receiver’s reward and punish-
ment rates, γ+

b and γ−

b . Specifically, what is important is
the relation between the two rates; we will see this later
in Eq.(10). So we only need to consider one learning rate
by fixing the other one. We will fix the receiver’s reward
rate γ+

b = 1, and study how the convergence changes as the
receiver’s punishment rate γ−

b varies. For convenience, we
denote γ−

b by γ, since it is now the only learning rate that
concerns us.

Again, we will focus on the case of uniform meaning dis-
tribution. First we study the convergence conditions. It is
easy to see that the new convergence condition will be (we
only need to consider the inequality condition in terms of
p1, the probability of the first to-be-established meaning,
for the case of uniform distribution)

p1γ
+

b >
1− p1

n
γ−

b (10)

which can be rewritten as, since γ+

b = 1 and γ = γ−

b

p1 >
1− p1

n
γ.

The substitution of p1 = 1/m yields the following new con-
vergence condition that depends greatly on the receiver’s
learning rates (see Fig. 8 for support from simulations)

n > n∗ = (m− 1)γ.

Now we move to investigating how the receiver’s punishment
rate γ affects convergence time. First let us consider two
extreme cases of the punishment rate. At the one end, the
punishment rate could be very big such that the convergence
condition can not be satisfied, resulting in infinite conver-
gence time. At the other end, if the punishment rate is zero,
the receiver’s receive function will never change (even when
its reward rate is positive). If two words are mapped by the
receiver to a same meaning, they will always be mapped to
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Figure 9: The effect of the punishment rate of the
receiver on the convergence time. It shows there
exists a range of learning rates for the agents to
achieve the best convergence time.

the same meaning, therefore the agents can never develop a
fully communicable system.

The above brief analysis tells us there must exist an optimal
setting of the punishment rate. Fig. 9 shows that, when
there are 50 meanings and 50 words, the convergence time
is the best if punishment rate is around 0.1. In the figure, the
circle marks present the simulation results, and the smooth
line shows an analytical estimation of the convergence time
that takes into consideration the dual role of the receiver’s
punishment rate, which is given in the following equation

T = m(N + 0.05/γ)

m
∑

l=1

1

1− (1− l/m)γ
. (11)

In the equation, the term 0.05/γ, where the number 0.05 is
obtained empirically, indicates that as the punishment rate
gets smaller, the convergence time will get longer, and the
term (1− (1− 1/m)γ) indicates the small punishment rate
can improve the convergence condition and so can help to
speed up the convergence time.

6. CONCLUSION
We have presented an adaptive communication model in
which a sender and a receiver can adapt their communicative
behaviors through a simple reinforcement learning mecha-
nism. Through mathematical analysis and computer simu-
lations, we find that for a given number of meanings, there
exists a threshold for the number of words below which the
agents can’t converge to a shared vocabulary. We also have
shown that we can gain a lot on the convergence time by
allowing the agents more words to use than necessary in or-
der to jump out of the threshold point. Finally, we find that
the learning rates of the receiver agent can greatly affect the
convergence condition; in addition, there exists a range of
learning rates for the agents to achieve the best convergence
time.

Though our analysis in the current work is focused on the
communication model of two agents, we believe it can be
extended to the case of multiple agents—one sender and
many receivers, many senders and one receiver, or many
senders and many receivers. Of other interesting questions



for future study, we would like to explore what will happen if
the word production or the meaning interpretation function
is implemented by probability-based selection, rather than
the currently used winner-take-all selection mechanism.
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